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An examination is made of the use of adjoint functions in heat con- 
duction and convection theory. Formulas of perturbation theory are 
obtained for steady and unsteady cases, an interpretation of the phys- 
ical meaning of adjoint temperature is given, and some applications 
of the theory are discussed. 

The use  of adjoint functions and impor tance  func-  
t ions in neutron t r a n s p o r t  theory  [1-3]  has  proved 
ve ry  fruitful  because  of fo rmulas  of the theory  of p e r -  
turbat ions  and the poss ib i l i ty  of m o r e  genera l  t r e a t -  
men t  of var ia t ional  p rob lems  concern ing  the opt imum 
dis t r ibut ion of m a t e r i a l s  in media  where  there  is r a -  
diation t r a n s f e r  [4]. The poss ibi l i ty  is d i scussed  be -  
low of us ing the technique of adjoint functions in the 
theory  of heat  t r a n s f e r  by means  of conduction and 
convection.  

1. We will examine the ease  of a s teady t e m p e r a -  
tu re  dis t r ibut ion in a h e a t - r e l e a s e  e lement  (HRE), 
cooled by a heat c a r r i e r  at fixed t empe ra tu r e .  The 
p r o c e s s  is desc r ibed  by the heat  conduction equation 

[21 

- -  d iv  0,  v t) = qv O) 

with the Newton boundary  condition at the outside 
boundary  of the HRE 

- - ~ v ~ t [ ~ = ~ t l r  ~. (2) 

Ins ide the HRE condit ions a r e  s y m m e t r i c a l  and the 
t e m p e r a t u r e  is finite,  the l a t t e r  being m e a s u r e d  f r o m  
the t e m p e r a t u r e  of the c a r r i e r .  

We fo rmal ly  wri te  the equation [6] adjoint to (1): 
- +  

- -  div (k V t*) = p. (3) 

We call  the function t*(r) the adjoint t e m pe ra t u r e  and 
explain its phys ica l  meaning  and that  of p(r) below. 
It is not  difficult  to ver i fy  that  the left s ides  of (1) 
and (3) a re  adjoint,  if fo r  t*(r) the re  occu r s  the bound- 
a ry  condition 

- -XV. t*  t~s=at * I~ s. (4) 

In fact ,  mult iplying (1) and (3) by t*(r) and t(r) ,  r e -  
spect ively ,  subt rac t ing  the equations obtained one 
f r o m  another ,  and in tegrat ing over  the whole volume 
of the HRE, we obtain 

= ,f qvt*dV - - . [  ptdV. (5) 
V Y 

Trans fo rming  the left  side of this equation with the 
aid of the re la t ion  div(q9 A)=  ~divA + (A, Vq~), and 

using the Gauss theo rem,  we find 

.![-- t* div (X y~t) + t  div (L~ t*)] dV = 
V 

= ~  ( - -  t* % v~ t  -[- t ~. v~t*) dS = 
S 

/ 

when conditions (2) and (4) a re  fulfil led. The re fo re ,  

! qv t*dV = S ptdV ~ I, (6) 
V 

and we may  cons t ruc t  a theory  of per tu rba t ions  for  
the functional I. To this end we a s sume  that  in the 
HRE there  has been an a r b i t r a r y  per turba t ion  of all 
the p a r a m e t e r s  

A ~, (r) = ~' (r) - -  ;~ (r), Aqv (r) = qv (r) - -  qv (r), 

A a (r s)  = d (r  s)  - -  a (rs),  A p (r)  = p '  (r) - -  p (r), (7)  

in such a way that  the t empe ra tu r e  has changed f r o m  
t(r) to tT(r). Wri t ing down the "per turbed"  Eqs.  (1) 
and (2) along with the conjugates  (3) and (4), in which 
only the p a r a m e t e r  p(r) is per turbed ,  and c a r r y i n g  
out a c r o s s  mult ipl icat ion of the equations by t*(r) 
and tV(r), a subtrac t ion and an integrat ion,  we find 
the des i r ed  express ion  for  the var ia t ion  of the func-  
t ional  af ter  s imple  t r ans fo rma t ions :  

A I = f (p't" - -  pt) dY = !,Aqvt*dV - -  
V 

(s) 
V S 

We note that  in a number  of p rac t i ca l  c a se s  it is  con-  
venient  to use  the fo rmu la  for  A I / P ,  s ince the l inear -  
f rac t iona l  functional is l e s s  sensi t ive  to inaccurac ie s  
in the quantity t ' ( r ) .  

We will analyze the physica l  meaning  of the ad- 
joint t empe ra tu r e  t*(r).  We as sume  that  the Green ' s  
function | has been found for  the adjoint equa- 
t ion, i . e . ,  the solution of (3) and (4) under  the a s -  
sumption 

p (r) = ~ (r  - -  re). (9)  

Then in the m o r e  genera l  case  we have 

t* (r) = S O* (r; re) p fro) dVo. (10) 
v 

Analogously,  if the Green ' s  function | has  been  
found fo r  (1) and (2), then in the general  ca se  

t (r) = ! '0  (r; re) qv (re) dV,. (11) 
v 

Substituting (10) and (11) into (6), we obtain, a f ter  
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changing the o r d e r  of i n t eg ra t i on  

p (ro) dV0 ~ 0" (r; r0) qv (r) dV = 
V Y 

= Sp(r)dV~O(r; ro)qv(ro)dVo. (12) 
u u 

F r o m  th is  r e l a t i on ,  a f t e r  r e p l a c i n g  the v a r i a b l e  of 
i n t e g r a t i o n  r 0 by  r ,  we obta in  the r e c i p r o c i t y  t h e o r e m  
fo r  the  G r e e n ' s  funct ions  

O* (r; r0) = O(ro; r). (13) 

The ana logous  r e c i p r o c i t y  t h e o r e m  fo r  d i f f e r e n t i a l  
equa t ions  of the  second  o r d e r  i s  wel l  known in m a t h e -  
m a t i c s  [6] and was p r o v e d  in [2] fo r  the  k ine t i c  equa-  
t ion of r a d i a t i v e  t r a n s f e r .  

If fo l lows f r o m  (13) tha t  in the c a s e  of the ac t ion  
of a s ing le  hea t  s o u r c e  and when p(r)  = 6 ( r  - r0), the 
ad jo in t  t e m p e r a t u r e  a t  a given point  r i s  the  t e m p e r -  
a t u r e  at  the  poin t  r 0, if the  hea t  s o u r c e  i s  sh i f ted  
f r o m  the  point  r 0 to the  point  r .  In the  m o r e  g e n e r a l  
c a s e  of the va lue  of the  p a r a m e t e r  p(r)  we obta in ,  
with the a id  of (10) and (13), the fo l lowing r e l a t i o n :  

t* (r) = fO(r0; r)p(ro)dVo. (14) 
V 

Thus,  the ad jo in t  t e m p e r a t u r e  t*(r)  i s  s o m e  l i n e a r  
funct ional  of the t e m p e r a t u r e  a r i s i n g  f r o m  the ac t ion  
of a s o u r c e  of uni t  p o w e r  and depending  on the c o o r -  
d i na t e s  of the loca t ion  of th is  source �9  By analogy with 
the  t e r m i n o l o g y  used  in neu t ron  p h y s i c s ,  the funct ion 
t*(r)  m a y  a l so  be  ca l l ed  the  i m p o r t a n c e  funct ion of 
the  hea t  s o u r c e  with r e s p e c t  to the funct ional  I, 

We note  tha t  in the s p e c i a l  c a s e  of s t e a d y  hea t  con-  
duct ion in a m o t i o n l e s s  m e d i u m ,  the d i f f e r e n t i a l  equa-  
t ions  and the bounda ry  condi t ions  f o r  the  G r e e n ' s  
funct ions  |  r0) and | r0) a r e  iden t i ca l  In f o r m .  
This  m e a n s  tha t  the  so lu t ion  of the  two equat ions  is  
i den t i ca l ,  i . e . ,  

O (r; r0) = 0" (r; r0). (15) 

C o m p a r i n g  (13) and (!5) ,  we f ind an i m p o r t a n t  t e m -  
p e r a t u r e  r e v e r s i b i l i t y  r e l a t i o n  fo r  the  c a s e  examined :  

O(r; ro) = O(ro; r). (16) 

We wil l  poInt  out  s o m e  o t h e r  s p e c i a l  c a s e s  of the func-  
t iona l  I. If p(r)  -- a 6 ( r  - r s )  , func t iona l  I i s  equal  to 
the hea t  f lux In the HRE a t  the point  r s on i t s  s u r f a c e .  
In the c a s e  p = cons t  the  func t iona l  I is  p r o p o r t i o n a l  
to the  m e a n  i n t e g r a l  t e m p e r a t u r e  of the HRE.  

3. We wil l  examine  a m o r e  g e n e r a l  c a s e - - a n  un-  
s t e ady  p r o b l e m  of coo l ing  of a HRE by  a hea t  c a r r i e r  
f lowing in a channel .  The p r o c e s s  of hea t  t r a n s f e r  by  
m e a n s  of conduct ion  and convec t ion  in th is  s y s t e m  is  
d e s c r i b e d  by  the equat ion [5] 

Ot 
Cy ~ + Cy(W, v t ) - - d i v ( ~  v t ) = q  v. (17) 

The p a r a m e t e r s  a p p e a r i n g  in (17) a r e  p i e c e w i s e - c o n -  
t inuous funct ions  of the c o o r d i n a t e s .  The b o u n d a r y  
condi t ions  of the p r o b l e m  a r e  the r e q u i r e m e n t s  of con-  
t inu i ty  of t e m p e r a t u r e  t ( r ,  r) and of hea t  f lux -?~Vn t 
a t  the i n t e r f a c e  be tween  the HRE and the hea t  c a r r i e r ,  

the f i n i t e n e s s  of the  condi t ion  of s y m m e t r y  of t e m -  
p e r a t u r e ,  and the  condi t ion  of Newtonian hea t  l o s s  a t  
the  o u t e r  s u r f a c e  of the  channel  -XVnt lSch  = ~t]Seh.  
The in i t i a l  condi t ion  m a y  a lways  be  r e p r e s e n t e d  in the 
f o r m  

t(r,  - -  co) ----- 0. (18) 

The equat ion ad jo in t  to (17) has  the  f o r m  

- - C y  O t * . _ C y ( W ,  v t , ) _ d i v ( k v  t * ) = p .  (19) 
0~ 

The b o u n d a r y  condi t ions  fo r  the ad jo in t  t e m p e r a t u r e  
t* ( r ,  T) a r e  the  s a m e  as  f o r  t ( r ,  T), and the ad jo in t  
i n i t i a l  condi t ion  has  the  f o r m  

~* (r, oo) = 0 ( 2 0 )  

If a c e r t a i n  s p a c e - t i m e  p e r t u r b a t i o n  of a l l  the p a r a m -  
e t e r s  t a k e s  p l a c e  in the s y s t e m ,  then the f o r m u l a  of 
the t h e o r y  of p e r t u r b a t i o n s  fo r  the funct ional  

(21) 

as  m a y  e a s i l y  be  shown, m a y  be  wr i t t en  in the  fo l low-  
ing f o r m :  

iSl'  ;I A I =  -~y t dVdT = t'l* A dVdT-k- 

- - r  --~o V 

ir is + t' (A W', V l*) dVd �9 + fit* div W' dVd T - -  

- - ~  V - - ~  V 

--co V 

A c~ dSd "r 

--oo S K --~ FOU t 

- -  J t*t'W'dS]. 

Fin 

(22) 

In d e r i v i n g  (22) we used  the Gauss  t h e o r y  and omi t t ed  
co 

the t e r m  ~ ~t't*W'flSdz b e c a u s e  the n o r m a l  c o m p o -  
f~ sK 

nent  of f low ve loc i ty  at  the  wal l  of the channel  is  z e r o .  

We wi l l  point  out  s o m e  s p e c i a l  c a s e s  of the func-  
t iona l  (21). If p ( r ,  ~-) = C y 6 ( r  - r 0 )  6(~- - To), then the  
func t iona l  of p e r t u r b a t i o n  t h e o r y  i s  the t e m p e r a t u r e  
t(r0, TO). If we a s s u m e  tha t  p ( r ,  T) = Cyo~5(r - r s ) •  
• 5(z  - 7o), then the func t iona l  of the  p r o b l e m  b e c o m e s  
the  hea t  f lux a t  the point  r s  of the  s u r f a c e  a t  t i m e  T 0. 
We m a y  a l so  make  the func t iona l  of the p r o b l e m  the 
hea t  conten t  of the  s t r e a m  ( loca l ,  a v e r a g e d  o v e r  the 
sec t ion  o r  o v e r  the volume) ,  fo r  which we m u s t  i n t r o -  
duce the  v e l o c i t y  d i s t r i b u t i o n  in the e x p r e s s i o n  p(r ,  z). 
S i m i l a r l y ,  we may ,  in the  c a s e  examined ,  p r o v e  the 
r e c i p r o c i t y  t h e o r e m  for  the G r e e n ' s  funct ions  

O(r, ~; ro, % ) =  O*(ro, %; r, ~) (23) 
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a n d  i n t e r p r e t  t h e  p h y s i c a l  m e a n i n g  o f  t h e  a d j o i n t  t e m -  
p e r a t u r e  w i t h  t h e  h e l p  o f  t h e  r e l a t i o n  

t *  ( r ,  "0  = 

~ i f  p ( r o , ~ o )  O ( r o ,  % ; r , ~ ) d V o d ~ o . ( 2 4 )  
C ( to ,  ~o)  V ( to,  ~o)  

~ V  

I t  i s  e v i d e n t  t h a t  t h e  c o n d i t i o n  o f  t e m p e r a t u r e  r e v e r -  
s i b i l i t y ,  a n a l o g o u s  t o  ( 1 6 ) ,  d o e s  n o t  h o l d  i n  t h e  g e n -  
e r a l  case. 

4. We will discuss some examples of the use of 

p e r t u r b a t i o n  t h e o r y .  F o r m u l a s  ( 8 )  a n d  ( 2 2 )  m a k e  i t  
p o s s i b l e ,  u s i n g  t h e  u n p e r t u r b e d  f u n c t i o n s  t h a t  h a v e  
b e e n  f o u n d ,  t ( r ,  r )  a n d  t * ( r ,  T } ,  t o  f i n d  t h e  c h a n g e  i n  
t h e  v a l u e  o f  I w i t h  c h a n g e  i n  t h e  p a r a m e t e r s  o f  t h e  
p r o b l e m ,  i n  t h e  f i r s t  a p p r o x i m a t i o n .  T h i s  i s  e s p e c i a l -  
l y  i m p o r t a n t  w h e n  d i r e c t  s o l u t i o n  o f  t h e  p r o b l e m  i s  
d i f f i c u l t ,  e v e n  f o r  n u m e r i c a l  c a l c u l a t i o n  ( f o r  e x a m p l e ,  
w h e n  t h e  p e r t u r b a t i o n  i s  l o c a l  i n  n a t u r e )  o r  t h e  r e -  
q u i r e d  a c c u r a c y  c a n n o t  b e  o b t a i n e d .  I n  a n u m b e r  o f  
c a s e s ,  e v e n  i f  t h e  p e r t u r b e d  p r o b l e m  i s  s o l v e d  d i -  
r e c t l y ,  a m o r e  a c c u r a t e  v a l u e  o f  A l m a y  b e  c a l c u l a t e d  
f r o m  ( 8 )  o r  ( 2 2 )  b y  s u b s t i t u t i n g  t '  a n d  t * .  T y p i c a l  
c a s e s  w h e n  i t  i s  u s e f u l  t o  a p p l y  p e r t u r b a t i o n  t h e o r y  
a r e  c a s e s  o f  a p p r o x i m a t e  s o l u t i o n s  o f  p r o b l e m s  i n  
h e a t  c o n d u c t i o n  t h e o r y  o n  t h e  b a s i s  o f  s i m p l i f y i n g  a s -  
s u m p t i o n s  a s  t o  t h e  n a t u r e  o f  t h e  p h y s i c a l  c o n s t a n t s .  
I n  t h e s e  c a s e s  w e  m a y  t a k e  a n  e s t i m a t e  o f  t h e  e r r o r  
i n  t h e  v a l u e  o f  t h e  f u n c t i o n a l  o f  i n t e r e s t  f r o m  t h e  a s -  
s u m p t i o n  m a d e .  T h e n  w e  c a n  d e v e l o p  t h e  t h e o r y  o f  
h i g h - o r d e r  p e r t u r b a t i o n s ,  w h i c h  i s  e s p e c i a l l y  s u i t a b l e  
i f  t h e  a d j o i n t  f u n c t i o n  i s  e x p r e s s e d  a n a l y t i c a l l y .  

F o r m u l a s  ( 8 )  a n d  ( 2 2 )  a r e  a l s o  u s e f u l  f o r  p r o b l e m s  
i n  w h i c h  i t  i s  d i f f i c u l t  t o  f i n d  a d i r e c t  s o l u t i o n  b e c a u s e  
o f  a n  a n g u l a r  d e p e n d e n c e  o f  t h e  h e a t  r e m o v a l  o r  t h e  
h e a t - g e n e r a t i n g  s o u r c e s .  W e  w i l l  e x a m i n e  a s  a n  e x -  
a m p l e  t h e  s t e a d y  p r o b l e m  o f  c o o l i n g  o f  a n  i n f i n i t e l y  
l o n g  c y l i n d r i c a l  H R E  w i t h  i n t e r n a l  h e a t  s o u r c e s  a n d  
h e a t  l o s s  a c c o r d i n g  t o  N e w t o n ' s  l a w .  T a k i n g  i n t o  a c -  
c o u n t  t h a t  t h e  f i l a m e n t - s h a p e d  h e a t  s o u r c e  i s  l o c a t e d  
a t  t h e  p o i n t  w i t h  c o o r d i n a t e s  r 0 ,  ~ 0 ,  w e  w i l l  f i n d  t h e  
G r e e n ' s  f u n c t i o n  f o r  t h e  t e m p e r a t u r e  i n  t h i s  p r o b l e m .  
A s s u m i n g  t h a t  ) t  a n d  a d o  n o t  d e p e n d  o n  t h e  c o o r d i -  
n a t e s ,  w e  o b t a i n  t h e  f o l l o w i n g  s o l u t i o n :  

, 

O ( r ,  qE  ro ,  % ) = O * ( r ,  ~ ;  ro ,  % ) = - -  1 + 
2 h a  R 

1 s a R / ~  ( 1 l ) ( ~ _ ) k ( _ % _ _ )  '~ 
2 a ~ .  k + a R / X  a t ~ / ~ ,  k x 

x c o s  k ( (p  - -  % )  - -  4 a x l  l n [ ( ~ ) e +  

+ ( - ~ - - ) ~ - -  2 - L  - ~  c o s  ( ~ p - -  ~ o )  ] .  R ( 2 5 )  

W e  n o t e  t h a t  ( 2 5 )  i s  s y m m e t r i c a l  w i t h  r e s p e c t  t o  i n -  
v e r s i o n  o f  t h e  s o u r c e  c o o r d i n a t e s  a n d  t h e  p o i n t  o f  
t e m p e r a t u r e  o b s e r v a t i o n  [ f o r m u l a  ( 1 6 ) ] .  W e  w i l l  c o n -  
s i d e r  t h e  e x p r e s s i o n  f o r  t ( r )  w i t h  c o n s t a n t  q v ,  k a n d  

a s  t h e  z e r o - o r d e r  a p p r o x i m a t i o n  

to ( r )  ---- q v ( R  2 - -  r = ) 1 4 ~ ,  + q v R / 2 a ,  ( 2 6 )  

F o r m u l a  ( 8 ) ,  w h i c h  a l l o w s  o n e  t o  f i n d  a c o r r e c t i o n  
f o r  t h e  t e m p e r a t u r e  i n  t h e  f i r s t  a p p r o x i m a t i o n  a t  a n  
a r b i t r a r y  p o i n t  ( r 0 , g % ) ,  d u e  t o  q v ,  ) t  a n d  a n o t  b e i n g  
c o n s t a n t ,  h a s  t h e  f o r m  

A t ~  ( t o ,  ~ o )  = t [ ( r o ,  % ) - -  t o ( r o )  = 

R 2 ~  

0 0 

R 27: 

q v  f f A ~ ( r ' r p ) r  O 0 * ( r ' ~ ; r ~  r d r d e ? - - 2 ~ ,  , o f  

o o 

2 ~  

qvR"2a f h a  ( ~ )  O *  ( R ,  ~ ;  r o % )  d ~ .  
0 

( 2 7 )  

F r o m  t h e  v a l u e  o f  t ' l ( r  0 ,  % )  f o u n d  w e  c a n  i m p r o v e  t h e  
a c c u r a c y  o f  A h ( r , ~ )  a n d  A ~ ( g o ) ,  a f t e r  w h i c h  w e  f i n d  

A t 2 ( r 0 , % ) ,  a n d  s o  o n .  T h e  c o r r e c t i o n  i n  t h e  ( n  + l ) - t h  
a p p r o x i m a t i o n  i n  t e r m s  o f  t h e  t e m p e r a t u r e  i n  t h e  n - t h  
a p p r o x i m a t i o n  i s  

R 

- t '  
0 

a t , , §  ( , -~ % )  = t ; + ,  ( re ,  ~ . ) - -  to  ( r e )  = 

R 2 =  

= S . [ A q v ( r ,  q ~ l O * ( r ,  (9;  re ,  % ) r d r d e p - -  
0 0 

, r o t : ( r ,  ,~)  o e * ( r ,  ~p;  ro,  ~ o )  

0 

l O t ~ ( r ,  q ~ ) X  O 0 * ( r ,  qp; ra ,  % ) - ] r d r d ~ - -  
r 2 O ~  8 ( p  

2 ~  

- -  f A a ( ~ ) t ' . ( R ,  e~) O * ( R ,  ~ ;  r o, % ) R d %  
0 

( 2 8 )  

W e  w i l l  i l l u s t r a t e  t h e  c o n v e r g e n c e  o f  t h e  a b o v e  m e t h o d  
o f  c a l c u l a t i n g  h i g h e r - o r d e r  p e r t u r b a t i o n s  b y  a n  e x -  
a m p l e  a m e n a b l e  t o  e x a c t  e x a m i n a t i o n .  T o  t h i s  e n d  w e  
w i l l  e x a m i n e  t h e  p r e v i o u s  p r o b l e m  u n d e r  t h e  a s s u m p -  
t i o n  t h a t  t h e r e  i s  n o  a n g u l a r  d e p e n d e n c e  o f  a n y  o f  t h e  
p a r a m e t e r s ,  t t  i s  n o t  d i f f i c u l t  t o  f i n d  t h e  G r e e n  r u n e -  
t i o n  o f  t h i s  p r o b l e m :  

O ( r ;  ro)  = O *  ( r ;  ro)  = { 

1 l n - ~ - R  + ~ _ L _ I  r ~ r  o 
2 = k  ro  2 ~ a R  

( 2 9 )  
1 l n _ R _ R  _{_ I r > / r o .  

2 a k  r 2 ~ a R  

W e  c a l c u l a t e  f r o m  ( 8 )  t h e  c h a n g e  i n  t 0 ( r  ) d u e  t o  t h e  
v a r i a b l e  k ' [ t ' ( r ) ]  = M ( r ) :  

A t ( /"0)  = l '  ( r 0 )  - -  t o ( r 0 )  = 

R 

= - -  ~ A ~  ( r )  dr'dr Oor~)~* 2 ~  r d r ,  ( 3 0 )  

0 
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w h e r e  

d O *  _ j  0 r ~ < r o  
A Z ( r )  = k '  ( r )  - -  X ,  

O r  I - -  1 / 2 r . ~  r r ; ~  r e .  

I t  c a n  b e  s h o w n  t h a t ,  f o r  t h e  p r o b l e m  e x a m i n e d ,  

A t l ( r o )  = - - _ _  

R 
q v  ; A ~, ( r )  2 ~  r d r ,  

4 = ~ .  J x 
re 

R 

A t2  ( r ~  ~ 4 a ~ q v  ~ A Z ( r )  I 1 ~ ,  A L ( r )  1 2 = r d r , ~ ,  

. . . . . . . . . . . . . . . . . . . . . . . .  ( 3 1 )  

A l , ( r o ) = - -  q v  ~ 4 2 = r d r =  
4 a ' - ' - ~ - d  ;~ z . ~  - -  

ro  k = 0  
R + c = + {  [ - -  4 = ~  , )  ~ - ~  1 - -  - -  2 ~ : r d r .  

re 

I n  t h e  l a s t  r e l a t i o n  u s e  w a s  m a d e  o f  t h e  f o r m u l a  f o r  
t h e  s u m  o f  t e r m s  o f  a g e o m e t r i c  p r o g r e s s i o n .  I f  t h e  

I = 1  r a t i o  o f  t h i s  p r o g r e s s i o n  T < 1 ,  t h e n  a s  n ~ ~ o  

w e  h a v e  

R 

A t = ( r o )  = qv ~ ~ "  ( r ) - - ~ ,  2 = r d r .  ( 3 2 )  
4 = ~  ~ '  ( r )  

re  

I t  i s  n o t  d i f f i c u l t  t o  v e r i f y  t h a t  t h i s  p a s s a g e  t o  t h e  
l i m i t  g i v e s  a n "  e x a c t  r e l a t i o n .  F o r  t h i s  w e  s o l v e  t h e  
e x a c t  h e a t  c o n d u c t i o n  e q u a t i o n  

d / d t ' \  d ~ ;  r d t '  
i t - - !  . . . . .  q v  r .  ( 3 3 )  ~. '  ( r )  ~ r  ~, d r ]  + d r  d r  

T a k i n g  a c c o u n t  o f  t h e  c o n d i t i o n s  

p e r m i t s  u s  t o  s i m p l i f y  t h e  p r o b l e m  o f  f i n d i n g  t h e  u n -  
s t e a d y  t e m p e r a t u r e  f i e l d  i n  a H R E  w i t h  a s h e l l  a n d  
p r o c e s s  l a y e r s ,  s i n c e  t h e  e f f e c t  o f  t h e  l a t t e r  m a y  b e  
c o n s i d e r e d  t o  b e  a l o c a l  p e r t u r b a t i o n  o f  t h e  q u a n t i t i e s  
k ,  C T  a n d  q v .  

P e r t u r b a t i o n  t h e o r y  a l l o w s  u s  t o  c a l c u l a t e  c o r r e c t -  
l y  t h e  a f f e c t  o f  v a r i o u s  t o l e r a n c e s  a n d  d e v i a t i o n s  f r o m  
n o m i n a l  ( i n a c c u r a c y  a n d  s c a t t e r  i n  t h e  t h e r m o p h y s i c a l  
c o n s t a n t s ,  i n  t h e  h e a t  r e l e a s e  s o u r c e s ,  i n  t h e  h e a t  
t r a n s f e r  c o e f f i c i e n t ,  i n  t h e  t h i c k n e s s e s  o f  t h e  m a t e -  
r i a l s ,  e t c .  ) o n  t h e  t e m p e r a t u r e  o f  t h e  H R E  o r  o n  t h e  
h e a t  f l u x  a t  a d a n g e r o u s  p o i n t .  

F o r m u l a s  ( 8 )  a n d  ( 2 2 )  m a y  u n d o u b t e d l y  b e  o f  a d -  
v a n t a g e  t o  t h e  e x p e r i m e n t e r .  F o r  e x a m p l e ,  i n  c a l c u -  
l a t i n g  t h e  t r u e  t e m p e r a t u r e  o f  t h e  w a l l  o f  a w o r k i n g  
s e c t i o n  a c c o r d i n g  t o  t h e  r e a d i n g s  o f  t h e r m o c o u p I e s  
e m b e d d e d  w i t h i n  t h e  w a l l ,  h e  m a y  e v a l u a t e  t h e  i n f l u -  
e n c e  o f  l o c a l  v a r i a t i o n o f  k o r  o f  q v  i n  t h e  p l a c e s  w h e r e  
t h e  t h e r m o c o u p l e s  h a v e  b e e n  e m b e d d e d  o n  t h e  l o c a l  
v a r i a t i o n  o f  t h e  h e a t  f l u x .  

N O T A T I O N  

k ( r , T )  i s  t h e t h e r m a l  c o n d u c t i v i t y ;  t ( r , 7 )  i s  t h e t e m -  
p e r a t u r e ;  t *  ( r ,  T )  i s  t h e  a d j o i n t  t e m p e r a t u r e ;  q v ( r , T )  i s  
t h e  d e n s i t y  o f  h e a t  r e l e a s e  s o u r c e s ;  p ( r , T )  i s  a p a r a -  
m e t e r  o f  a d j o i n t  e q u a t i o n ;  r i s  t h e  g e n e r a l i z e d  c o -  
o r d i n a t e ;  T i s  t i m e ;  a ~  s ,  T )  i s  t h e  h e a t  t r a n s f e r  
c o e f f i c i e n t ;  I i s  t h e  l i n e a r  f u n c t i o n a l  o f  t e m p e r a t u r e ;  
O ( r ,  T ;  r 0 ,  T o )  a n d  O * ( r ,  7 ;  r 0 ,  T O )  i s  t h e  G r e e n ' s  f u n c t i o n  
f o r  t ( r ,  I - )  a n d  t * ( r ,  r ) ;  C T ( r ,  r )  i s  t h e  v o l u m e  s p e c i f i c  
h e a t ;  W ( r ,  T )  i s  t h e  v e c t o r  d i s t r i b u t i o n  o f  f l o w  v e l o c -  
i t i e s ;  V ,  S a r e  t h e  v o l u m e  a n d  s u r f a c e  a r e a s  o f  b o d y ;  
R i s  t h e  r a d i u s  o f  H R E ;  r ,  ~0  a r e  t h e  r a d i a l  a n d  a n g u l a r  
c o o r d i n a t e s ;  F i n ,  F o u  t a r e  t h e  i n l e t  a n d  o u t l e t  f l o w  
a r e a s  o f  c h a n n e l .  

d t '  O ,  a f 
d r  , f f io  d r  le n '  

w e  o b t a i n  

R 

t ' ( r ) =  q v R  qv  ~ ~, r ' d r ' .  
2 a  + - ~ - -  k ' ( r )  

r 
(34) 

U s i n g  t h i s  r e l a t i o n  t o  d e t e r m i n e  t h e  t e m p e r a t u r e  t ( r )  
c o r r e s p o n d i n g  t o  t h e  c a s e  X v = k = c o n s t ,  w e  f i n d  

A t  ( r )  = t '  ( r )  - -  t ( r )  = 

R 

qv f ~.' ( r ' ) - - ~ .  21 r . r ' d r ' .  ( 3 5 )  
�9 4 a ~ ,  J ~ , '  ( r ' )  

r 

I t  i s  s e e n  t h a t  e x p r e s s i o n s  ( 3 2 )  a n d  ( 3 5 )  c o i n c i d e  i d e n -  
t i c a l l y .  

5 .  W e  w i l l  e n u m e r a t e  s o m e  o t h e r  c a s e s  w h e r e  i t  
i s  u s e f u l  t o  a p p l y  p e r t u r b a t i o n  t h e o r y .  F o r m u l a  ( 2 2 )  
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